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Abstract. We present a theoretical model of a lipid
bilayer in its gel state which explicitly couples the
vertical displacements of the lipid chains to their
conformational state. In this model the chains are
free to move longitudinally under a potential due to
the neighbouring chains. The potential is due to a
restoring force with a force constant k& and thus acts
to keep them in the local plane as defined by their
nearest neighbours. It is demonstrated that the force
constant k is directly related to the internal bilayer
pressure, I1, and that if a value IT = 33 dynes/cm is
assumed then k= 17.3 dynes/cm. Steric effects are
explicitly included by allowing chains to twist into
free volume created by the vertical displacement of
neighbouring chains. The Hamiltonian is expressed
in terms of the projection operators, P;;, describing
the displacement of chain i relative to a neighbour j,
and G;; describing the direction of a twist in chain 7.
The model is solved both analytically and via Monte
Carlo simulations for a one-dimensional system. The
possibility of phase-transitions in two-dimensions
and the relevance to the bilayer pre-transition is dis-
cussed.
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Introduction

Until recently there has been little experimental or
theoretical investigation of out of plane displace-
ments of lipids in planar bilayer membranes.
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On the theoretical side there have been models
of the ripple phase which invoke the displacement
of lipids relative to one another. The first of these
models was due to Doniach (1979) who looked at
the continuum limit of an interlocking chain model.
More recently Pearce and Scott (1982) considered
the displacements of “L” shaped molecules on a
square lattice. This model was investigated by Scott
(1984) using computer simulation techniques. In
neither of these models was the possibility of the
lipid chains altering their conformational state taken
into account. It would appear, however, that the
number of gauche bonds per lipid molecule in the
gel state close to the main phase transition, though
small, is not negligible. This is found from inter-
pretation of Raman spectroscopy and infrared spec-
tra (Pink etal. (1980) and Snyder etal. (1982)).
Clearly the chains would preferentially twist into
free volume created by the displacement of adjacent
lipids vertical to the plane of bilayer. Although ex-
perimental evidence for such a picture is sparce a
recent spin-label study (Feix etal. 1984) of di-
myristoylphosphatidylcholine bilayers in the fluid
state has shown that there are pronounced vertical
fluctuations of the terminal methyl groups of the
acyl chains.

In the present work we shall investigate the steric
effects that arise from allowing the lipid acyl chains
to twist into the free volume created by the vertical
displacement of neighbouring chains. We model the
acyl chains as cylinders which occupy the sites of a
two-dimensional close-packed (triangular) lattice.
The chains are free to move longitudinally under the
influence of a potential which acts to keep them in
the average local plane of the bilayer as defined by
their nearest neighbours. We also allow a chain to
twist in any one of the six directions of its nearest
neighbours. Obviously it is energetically more
favourable to twist into free volume created by the
vertical displacement of an adjacent chain. However
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other favourable configurations (such as adjacent
chains with parallel twists) are also permitted.

The Hamiltonian describing this model is pre-
sented and solved analytically in one-dimension.
The model may be studied in two dimensions (rep-
resenting a lipid bilayer) using Monte Carlo tech-
niques. The results and their possible relevance to
the pre-transition and consequent ripple phase are
presented in the discussion.

The model

We consider each monolayer of a phospholipid bi-
layer as an assembly of cylinders, each occupying a
site of a triangular lattice in the x — y plane with the
cylinder axis in the z direction. Each cylinder has a
diameter d and represents an acyl chain. We ascribe
to it the following properties:

(i) A cylinder at side i is free to move in the z
direction in a potential V;(z) due to its nearest
neighbours. This potential acts to keep it in the
average local plane of the bilayer as defined by its
nearest neighbours. The physical motivation for
assuming such a potential is the following. One can
imagine that in a real bilayer work would have to be
done to either pull a lipid out of or push a lipid into
the bilayer. The effective force against which work
is being done is derived from the scalar potential,
Vi(z).

(ii) Each cylinder may twist into any one of the six
directions of its nearest neighbours and can have at
most one twist. Thus a twist is representative of one
or two gauche bonds in the chain which is a reason-
able representation of a bilayer in its gel state.

(iii) We assume that the short-range attractive
forces between the chains are essentially isotropic
and enter as an constant additive term in the Hamil-
tonian. Steric interactions, however, occur whenever
a chain twists and must be accounted for explicitly
by the model.

The Hamiltonian may thus be written

H=H(P;)+ Hc(Gy) + Hs(P;;,Gij) , (D

where the Hamiltonian for the longitudinal motion,
H,, is written in terms of an operator P;; describing
displacements between neighbouring chains, the
Hamiltonian for the chain conformations is written
in terms of an operator G;; which describes the
twisting of a site i into a site j and Hs is a mixed
term describing the steric interactions. We shall
consider each part of Eq. (1) in turn.

(a) H Longitudinal

Since we assume that there is a restoring force be-
tween two neighbouring cylinders which acts to

keep them level, the leading term of the scalar
potential must be an even power of their relative
displacement. For small displacements this leading
term will be the dominant term. For the simplest
case we may choose a quadratic term, i.e. a har-
monic potential. Then the potential on a site / due to
a neighbour is

W=t @

where k is the force constant and x is the displace-
ment from the minimum of the potential. Simple
geometrical arguments (see Fig. 1) show that

x=[d*+ (zi—z)1"* — do, &)

where z;, z; are the positions of the tops of cylin-
ders i, j respectively and d, is the equilibrium dis-
tance. We may substitute x into (2) and, for small
displacements, expand to first-order to give

k {d—d
Ry O

VO = (d=doy’+

and summing over all j nearest neighbours of i

(juni)

kK ,, k[d—d, 5
Vz_q 2 (d dO) + 2 ( d )(j%i) (Zz ZJ) s (5)
where ¢=06 is the coordination number of the
lattice. Equation (5) is a mathematical expression of
the statement that a cylinder will tend to sit in the
local plane defined by its nearest neighbours. Let us
define the quantity P;; by

Pi.iZ(Z[—Z—OZ‘ji’ (6)

where z, is a constant. Before discussing Eq. (6) we
note a general lattice property of the P;’s. It of
course follows immediately from (6) that

In fact any closed walk on the lattice will have the
property that

P,]+f)jk++Prs+PSl=O (8)
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Fig. 1. The displacement of cylindrical molecules relative to
each other



It is straightforward to show that a necessary and
sufficient condition to ensure (8) is that, for any
three neighbouring sites i, j, k forming a triangle in
the triangular lattice, we must have

Pij+ij+Pki:0~ (9)

In order to give a physical interpretation of the
quantities P;; and z, we rewrite (6) as

Z_]-=Z,'_Z()P,'j. (10)

This recursion says that the cylinder at site j is dis-
placed by an amount —z, P;; relative to its neigh-
bour at site i. It is not physically unreasonable to
assume that these displacements are discrete, for
example the length of a C—C bond. Then the dis-
placements may only be by an amount +z,, 0, —z,
and P, takes the character of a projection operator
with eigenvalues -1, 0, +1. For example, from
Eq. (7) it can be seen that P;;= —1 gives a displace-
ment of cylinder j relative to i of zy in the +z direc-
tion. We may substitute (6) into (5) and sum over all
lattice sites to form

s (11)
Hy=Y,Vi= N g5 @ dyy + 28 (d d") > P,

f 2 4\ d )
where N is the total number of sites and {ij)
implies that the summation runs over all nearest
neighbour pairs, ij. We note that in obtaining (11)
we made use of the fact that Pj = (— P;))* = P.

Before continuing we make a brief diversion and
ask if the force constant k is directly accessible by
experiment. We first note that the interchain dis-
tance is kept constant in our calculations, since the
model in its present form is only applicable to lipid
systems in the gel phase and does not describe chain
melting. Any extension of the model in this direction
requires a detailed description of chain flexibility by
the inclusion of higher energy gauche conformers
resulting in a variable interchain separation.

We can make a simple attempt at including a
variable interchain separation in the following way.
We note from Eq. (11) that the “constant” term in
the Hamiltonian contains a factor k d%/2 where d is
the interchain separation. Suppose this separation
depended on the states of the nearest neighbour
lipids i and j. Then the term would become
IR SRS
s 2 o 2
where #; and #; are the radii of chains i and j respec-
tively. Following Pink et al. (1980) suppose a chain
can be in any of # states each of which has an asso-
ciated radius, r,. Then by introducing a projection
operator 7, (which projects the chain at i into a

(11a)
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state n) Eq. (11 a) becomes
k

5 > Z (LintntLinra)*
Gy n

A property of projection operators is that /3 = _#,.
Thus (11 b) becomes

gk Y /i, r2+ cross terms,
i

(11b)

(11¢c)

where g is the coordination number of the lattice.
Finally we note that the area of the lipid is given by
A, = n r2, thus we obtain

2 (%) LinAn.

i

(11d)

A comparison with the model of Pink et al. (1980)
shows that a term of the form

D I A, Ay (1le)
i

occurs in the ten state Hamiltonian, where I7 is the

internal lateral pressure in the bilayer. Thus we ob-

tain the relation

gk

“on
T

(111)

between the lateral pressure I7 and the force con-
stant £. Using a value of 33 dynes/cm for the internal
pressure of the bilayer we find the &£ =17.3 dynes/cm.

(b) H Conformations

We stated earlier that a cylinder can twist into any
one of the six directions of its neighbours and that a
twist represents one or two gauche bonds in the acyl
chain. We denote the energy required to produce a
twist by er. We introduce an operator G;; such that
if the cylinder at site / is twisted into site j then
G;;=1, otherwise G;;=0. Of course the chain at i
need not be twisted which we will denote G;;=1.
Since a cylinder must either be straight or twisted
into one of its neighbours we must have

Gu+ ), Gy=1. (12)
(i)

Then for a site i the energy is given by

Hgf>=gTUZ) Gy=er(1—Gy). (13)

So that for the whole lattice

H.=Ner—er), Gi. (14)

(c) H Steric

This part of the Hamiltonian disfavours sterically
undesirable configurations. Let us consider the steric
effects introduced when a given site i twists into one
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C,ij C;JL=O
=1 Gi=0
1 2 3
P'LJ‘:O .
w=l W=0

4 5 6

w=1 w=2 w=0
7 9
R.J -1 ‘
w=l w =0
]

Table 1. The nine steric interactions possible when site 7 is
twisted into a neighbouring site j and the weight ascribed to
each by the weighting function of Eq. (15)

of its neighbours j. There are no steric interactions
introduced by site { with site j when it is straight or
twisted away from j (i.e. when G;;=0). When
G;=1 we must consider the nine possible cases
illustrated schematically in Table 1.

We introduce the following weighting function

and note the following:

(1) Unless G;; =1 (chain i is twisted towards j) then

W=0.

(i1) If the twists are parallel (Table 1 (3), (6), (9))
then W= 0.

(1i1) If j is elevated relative to i (Table 1 (8)) then
W=0.

(iv) All other configurations are sterically unfavour-
able and have a positive value for W.

We associate with W a steric energy &, which is
positive and large, thus making the weighted con-
figurations energetically unfavourable. For site i

(jnniy

and for the entire lattice

Es
Hs=“é‘<z;>G[j(Gji+ ij(1+Pij))' (17)
ij

(d) The complete Hamiltonian

The complete Hamiltonian for the model is given by
adding Egs. (11), (14) and (17), giving

&

H=C+‘0—2P§*672 Gii
4 i
&s
+ 5 2 Gyt Gy (1+Py)), (18)
ij :

where C is an additive constant (and hence plays no
role in determining the thermodynamic properties
of the system) given by

C=Nq§(d—d0)2+NaT (19)
and
eo=kza(d_dd°). (20)

We recall here that the operator P;; can take values
0, =1 subject to the constraints (7), (9) and that
G;;=0, 1 subject to (12).

It is clear that the thermodynamic properties of
the model will depend on the values assigned to the
energies &, er and &. The choice of these energies is
not entirely arbitrary. In the case of 7, which is the
energy required to produce one to two gauche bonds
in a chain, we are restricted to the range
er~ (0.45—0.9) x 10783 ergs for a realistic bilayer
model (see, for example, Marcelja et al. (1974)). In
the case of ¢ a value of 0 would eliminate the differ-
ence between sterically hindered states and energeti-
cally favourable states whereas an arbitrarily large
value would preclude the sterically hindered states
entirely. Thus, provided ¢, is large and positive its
exact numerical value should have little effect on
the properties of the system. This leaves g as the
only truly adjustable parameter. Clearly it must be
positive, but its exact value will determine the stiff-
ness of the bilayer. A small value would allow the
chains to move freely in the vertical direction
whereas a large value would hinder vertical motion.

To produce an analytical solution of Eq. (18) for
a two-dimensional triangular lattice is a formidable
task and the model is best tackled via computer
simulations. We can, however, solve the model in
one dimension and from this solution make some
general speculations concerning the nature of the
two dimensional properties we expect to obtain.

(e) Solution in one dimension

In one dimension the model reduces to a line of
cylinders which can twist in the backwards or for-
wards directions only. The constraint (12) becomes

Gii+ Gio1+ G = Gi(L) + Gi(v) + G:(v) = 1. (21)



We can replace the G/s by dummy spin variables
S;=0, = | by the usual transformation

Gi(£)=7S:(Si— 1)
Gi(4) =187 (22)
Gi(N) =3 S:(Si+1)
so that at a given site i a value S;=1 corresponds to
a twist in the i+ 1 direction, S;=—1 to a twist in

the i —1 direction and S;= 0 to an untwisted chain.
We also note that in one-dimension

e &

‘4TO<Zsz2/:'4£Z (Pryi+ Phoi+ Phoy+ Phyy)
7 i

=SOZP1‘Zi+1=EOZPiZ- (23)

We can now write the Hamiltonian for the one-
dimensional system by substituting (22) and (23)
mto (18). After some lengthy but elementary alge-
braic manipulation we find that (omitting the con-
stant term)

N N
Hy=g Z P,'2+ (8T+85) Z S,z
&, y |
—752 (1+S:Si1) SiSina (24)
N
s
+72_ Si+Si) (1+S) 1=S1 ) P (24)

where we have used the shorthand notation P;=
Pii 1. The corresponding partition function is

Zy=2., 2. exp(~fHy), (25)

Py} {83

where f= (KzT)™!, T being the absolute tempera-
ture and K Boltzmann’s Constant.

This partition function may be evaluated analyti-
cally using a transfer matrix method. Although the
evaluation is straightforward it is somewhat tedious
and is best left to an appendix. The result is that

InZy~NIni, (26)

where 4 is the largest eigenvalue of a 3x3 transfer
matrix, and is given by solving the appropriate
secular equation. We find (see appendix) that 2 is
given by the real root of the cubic

PBeaB+bhi—c=0 Q7)
the coefficients being

a=AQ2y—1)

b=Ay(2y—1)—AByz(2+y>2) (28)
c=Ay?(1+22)— 1y zA2B (2+z2) +y*2*B?,
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where

A=2x+1 29)
B=2xcosh(gp)+1

and

x=g¢hn

y=eFer (30)
z=¢Fu,

This solution allows us to calculate all the thermo-
dynamic quantities of interest. In particular we want
the average values (P), (P, (S) and {S*). 1t is
shown in the appendix that in one dimension

(P)=0
{(§>=0.

The physical implications of (31) are obvious.
(P =0 implies that no matter how much thermal
energy we put into the system the chains remain in a
line on the average. (Had the system been two-
dimensional the equivalent statement would be that
the chains remain planar on the average.) This, of
course, does not preclude local (possibly periodic)
deviations from the average plane. A measure of
such deviations is given by {P?) which will be dis-
cussed shortly. (.S = 0 simply states that there is no
preferred direction of chain twists (i.e. there are as
many backwards as there are forwards) on the
average. The fraction of chains with twists (in any
direction) is given by {(S%).

By definition the average of any quantity Y is
given by

(D)

Y. Yexp(—pgH). (32)

{(Pi} {83}

(=~

It can be seen from (24) and (26) that this leads to
I 0Zy 1 ©

AN —
B == N7y e~ F e P (33)
and similarly
1 ©
(8% =- 7 5, (04 (34)

both of which may be obtained from (27)—(30).
Results from (P?) as a function of temperature for
various values of &, are shown in Fig. 2 for a rela-
tively elastic membrane (g =0.6x 107 ergs) and
for a stiff membrane (g, =2x 107" ergs). We stress
here that due to the one dimensional nature of the
system the €xact numerical value of the temperature
has no physical relevance. It may be seen that for an
elastic membrane {P?) rises sharply and then ap-
proaches asymptotically its theoretical maximum of
2/3. As expected the rise is retarded in the stiffer
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G
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Fig. 2. Mean square relative displacement (P2 of neigh-
bouring chains as a function of temperature in the one dimen-
sional system. (P?) is shown for (a) a flexible membrane
g9 =0.6x10"Bergs, (b) a stiff membrane g =2x 1073 ergs
for various values of & (al) g,= 0, (a2) &,=0.45, (a3) ¢, = 1.4,
(b1) ¢,=0, (b2) =1, (b3) &=1.9, where ¢ is in units of
10713 ergs. In all cases the energy of a chain twist is taken to be
er=10.45x 10713 ergs
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membrane. It is also seen in the figure that {(P?) is

considerably more sensitive to & than to &. In all

cases er was taken to be the energy for the introduc-
tion of one gauche rotomer, 0.45x 1073 ergs. As
may be expected for a one dimensional system with
only short range interaction there are no phase
transitions.

Though (P?%) gives some measure of the local
deviations from the plain it is the correlation func-
tions of the form {P; P;,,y and <{S; S, as functions
of r that would indicate their nature. Some idea of
these local deviations is given by performing a com-
puter simulation which can also be used as an inde-
pendent check on the results obtained analytically.
Such a comparison is shown in Fig. 3. A Metropolis
Monte Carlo simulation of the Hamiltonian (24) was
done on a lattice of 100 sites. In all cases 500 initial-
ization steps were first performed then one to two
thousand passes, depending on temperature (the one
dimensional nature of the system ensures fast equi-
libration). Figure 3 shows that there is excellent
agreement between the averages obtained analyti-
cally and via simulation. Figure 4 shows four typical
configurations for three temperatures using & = 0.6,
er=0.45, &= 1.4 (in units of 1073 ergs). These pic-
tures suggest that some short-range correlations exist
for the one dimensional system, these correlation
being enforced through the constraint (9). The im-
plications for two dimensional systems are discussed
below.
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Fig. 3. Monte Carlo averages. {P2), (§%) compared to the
exact results. The results are for a flexible membrane with
g=0.6 and ¢r=0.45. The open circles are for {P?) with
g;= 1.4 and the filled circles ¢ = 0.45. The exact results are
shown by the continuous lines. {S?) is shown for &= 1.4 and
& =0.45 by open and filled triangles respectively. The exact
results are shown by the broken curves. In all cases the
energies are expressed in units of 10713 ergs
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Fig. 4. Typical configurations obtained by a simulation on a
lattice of 100 sites for gg= 0.6, ¢7=0.45, ¢,=1.4 (in units of
10~ ergs). Each configuration is the result of 500 initializa-
tions steps and between one and two thousand passes (de-
pending on temperature). We stress that the exact numerical
value of T has little physical meaning in a one-dimensional
model

AL L —

UL



Discussion

We have presented a model which couples the verti-
cal displacements of lipid chains to changes in their
conformational state. We now present some observa-
tions on what we may expect from a two dimen-
sional solution and simple modifications which
would allow the inclusion of unsaturated chains and
cholesterol.

A point worthy of discussion is the form of the
potential used to model the restoring force between
lipids. We chose a harmonic potential expressed in
Eq. (2). We believe this term to be sufficient to
answer the question: “What is the overall effect of a
restoring force acting on the lipid chains in a bi-
layer?” A more realistic potential would involve
higher powers of x, i.e. anharmonic terms. A simple
thought experiment shows this to be the case. One
can imagine pulling a lipid out of the plane of the
bilayer and releasing it. For a small displacement
the lipid would stay in the bilayer plane (the har-
monic term). For a sufficiently large displacement
(e.g. larger than the length of the chain) the lipid
would leave the bilayer altogether (the anharmonic
terms). However this model concerns itself with
small displacements only as expressed in Eq. (4).
Further work may include larger displacements and
hence anharmonic terms in the Hamiltonian. -

The model was solved analytically for a one
dimensional system and no phase transition or other
anomalous thermodynamic behaviour was found.
We believe however that this is solely due to the one
dimensional nature of the solution. We may specu-
late as to what effects we expect to occur in a two
dimensional membrane modelled by the Hamilto-
nian of Eq. (18).

In the first place the interaction terms (G;; G;;
+ Gy;G;;) alone (giving rise to 8;S;+; (1+S5;5;41) in
the one dimensional case) should lead to an abrupt
transition between a membrane with most chains
straight to most twisted. However this is not a com-
plete picture because of the mixed term G;; Gy; Py;.
This term describes the trade-off between the
energy gained by allowing a chain to twist against
the cost in energy of the neighbouring chain moving
out of the local plain to accommodate the twist. The
picture is further complicated by the constraint (8),
(9) (which is very weak in the one dimensional case)
which determines how neighbouring groups of
chains are allowed to move. Whether these com-
bined factors still allow the first-order phase transi-
tion to take place or whether they would smear it
out (or abolish it altogether) is still under investiga-
tion via simulation techniques. Should such a transi-
tion be found (smeared out or first-order) then we
may have a physical explanation for the pre-transi-
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tion in terms of these competitive steric effects. This
explanation would be strengthened if short range
correlations evident in the one dimensional simula-
tions turn out to be periodic in the two dimensional
membrane.

A word here on the possibility (validity) of a
mean field solution for the two dimensional model
would be in order. It is clear from the Hamiltonian
(18) that the coupling between the vertical displace-
ments and the chain conformation is given by the
term G;;G;; P;; in Eq. (18). This term gives rise to
very strong short range correlations from which any
long range correlations (periodic or otherwise) must
arise. In any mean field treatment this mixed term
involving two operators would have to be decoupled.
This being the case it is not clear that the topology
of the phase diagram produced by a mean field
treatment would be as trustworthy as it is for sys-
tems described by a single operator. The authors
feel that the only viable solution for the model in
two dimensions is through computer simulations.

The model also lends itself particularly well to
modifications which include the addition of both
cholesterol and unsaturated lipids into the bilayer.
In the latter case for cis-double bonded lipids there
would be a subset of lipids which are permanently
twisted. Mathematically this would be expressed by
a subset of the operators G;;, GJ; say, for which
Gf;= 0 always (the chain can never be straight). For
cholesterol it is simple to ensure free volume at the
bottom of the molecule (i.e. near the terminal
methyl groups of the adjacent chains) by having
Gfj= Gii=0 always. Both of the above cases lend
themselves well to computer simulations.

There are fundamental differences in philosophy
between our model and that proposed by Pierce and
Scott (1982). The most striking differences are the
following. The model of Pierce and Scott does not
allow for conformational transitions in the lipid
chain, which is assumed rigid below the melting
transition. This is not in accord with Raman and
infrared data as discussed in the introduction.
Secondly their basic molecular unit is a “bimole-
cule” spanning the bilayer with the headgroups in
opposite directions. This infinitely strong correlation
has no experimental basis and has since been
contradicted by recent investigations of transbilayer
coupling (Georgallas et al. 1984). Thirdly, their bi-
layer is built up in linear rows of bimolecules with
headgroups only oriented in the direction of the
row, thereby giving the bilayer an intrinsic direc-
tional anisotropy. In our model none of these restric-
tive conditions are present, the lipid chains being
able to change conformation and twist in any direc-
tion (i.e. no directional anisotropy). However the
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inclusion of the freedom of vertical motion is
parallel in both models.

Finally we note that we have explicitly modelled
one monolayer of the bilayer. It is clear that for two
back-to-back monolayers representing a bilayer each
monolayer would experience the identical steric
forces but their motion would be subject to the con-
straint that the average density of the bilayer re-
mains constant.
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Appendix

The partition function for the one dimensional
model is obtained directly from Eqgs. (24) and (25),
i.c.

N
Z=7) exp|— B (er+e) D, S?
{83} i

B
Z(l +.8:Siv1) SiSivi

+
2

x > | exp [— aoﬁp,?—fizﬁ (S;+Si+1) (1+S)
{Pi}

X (1= Si41) P,] . (A1)

We may immediately perform the sum over {P;} in
(A1) to form

N
Zy= Y, exp [— B (er+e) >, S?
{Si} i

B ey &
+ N > (L+8:Sie1) SiSisn

1

<[] [2 e~ % cosh {(S,--l- Siv1) (1+S) (A2)

x(l—Si+l)%}+l}.

We can evaluate (A2) iteratively, i.e. by forming
Z,, Z5 and so on. Forming Z, from (A2)

Z,= {Z} {Z}exp — B (er+¢&) (S{+S%)
Si {S»

B e
2

x[2exp (—ﬁeocosh{(Sl+Sz) (1+35) (A3)

+ (1+5,5,) S Sz}

x (1—-S3) “*2'8] +1}.

We can perform the sums of S, S, =0, £ 1 which,
using Eqgs. (28)—(30), leads to
Zy=yz(yA+A+yzA) + (yzB+A+yzA)

+yz(yzA+B+ya). (A4)

Similarly
Zy=yz{ya(yA+A=yzA)+A(yzB+A+yzA)
+yzA(zA+ B+ya)}
+{yzB(yA+A+yzA)+A(yzB+A+yzA)
+yzA(yzA+ B+ya)}
+yz{yzA(yA+A+yzA)
+B(yzB+A4A+yzA)

+yA4(yzA+ B+ yA)} (A5)
and so on. If we set up the recursions
Ay =yAoy_1+Afy-1+yzA N,
By=yzBay_1+Afy-1+yzAyy, (A6)

W =yzAoy-1+ Bfy-1+yAyn

with o = f; =y = 1. Then we can express (A4) and
(AS5) as

Zy=yzda+ ot yzy

A7
Zi=yzost+ fat+yzys (A7)



and in general

Iy=yzoy+Ppntyzow. (AB)

We can write (A6) and (A8) in terms of the
matrices

i yA A yzA
I'=|lyB A yzA (A9)
yzA B ypA
AN 1
dy= ﬂN s 5&1: 1]. (AIO)
YN 1
In matrix form the recursions (A6) become
dn=1 dy_, (A11)
and

dy=ITN"14,. (A12)
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Finally if we define the row matrix y by

y=@z 1 ya (A13)
we obtain for (A8)
Zy=Tr(p IV 'dy) (A14)

from which (26) follows. The eigenvalues, 4, of the
matrix I are given by the determinant

yA—1 A yzB
yzB A—4 yzA =0 (A15)
yzA B yz*A—

from which (27) follows. We may obtain the average
{P) from the definition

1
(Piyn= >, > Prexp(— B Hy)
NZy {7y isi

(A16)

and using the same iterative technique used for
determining Zy we find (P =0, (P);=0 and so
on. {S) is determined in the same way leading to
Eq. (31).



